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The fascinating physics underlying and ry' mesons can be studied theoretically and ex- 
perimentally in various contexts. In this presentation we want to turn our attention to two 
important uncorrelated aspects of this vivid research field which provide yet unexpected chal- 
lenges or surprises. First we discuss open questions in the theoretical treatment of Coulomb- 
interaction in the context of reaction processes like pp — + ppi]. Then we review rj-ri' and 
(j(600)-/o(980) mixing in the U{3) x U (3) Linear Sigma Model and extract information on 
77-77' mixing and the Kq (800) resonance from meson-meson scattering. 



PACS: 13.40.-f, 13.75.Lb, 13.75.-n, 14.40.Aq 

1 Coulomb-Scattering and ^ ppX with X = 7r°, 77, 77', ... 

Due to their large threshold enhancement (TE) over phasespace [1,2] strong attention has been 
devoted to the cross sections of pp — > pp-q and pp pptf- Despite early theoretical claims that 
the TE is to be understood by final state interactions (FSI) the conclusive quantitative theoretical 
explanation of this TE is still awaiting. As long as there is lacking the cross section measurement 
of "Coulomb-free" reaction channels pn pni] and pn — > ^7777' at excess energies where TE is 
seen in pp — > ppX with X = j], rj', it is difficult to say — lacking also a satisfactory quantitative 
theoretical description of Coulomb-interactions (CI) in FSI — , whether the seen TE is solely 
due to short-ranged strong interactions or whether there is some component of the TE also due 
to infinite-ranged CI. Without settling these questions it will be therefore close to impossible to 
learn something quantitatively about the physics underlying 77 and 77' mesons on the basis of these 
reaction processes. Before entering specific open questions with respect to CI in the context of 
pp ppX with X = 7], 77' we shortly want to recall the respective present theoretical situation 
concerning FSI: Present theoretical approaches to the treatment of initial state interactions (ISI) 
and FSI are typically based on a "two-potential formalism" (TPF), where the overall interaction 
potential V decomposes according to V — Vs + Vl into a sum of a short-ranged (Vs) and a long- 
ranged (Vl) interaction potential, while Vs leads to production of meson X and Vl dominiates 
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ISI and FSI.^ Despite its simple philosophy the technical implementation of the TPF gets rather 
cumbersome and requires particular care, when Vl happens to be of infinite range like in the 
case of CI. The technical challenge related e.g. to CI has been a combination of several aspects. 
First of all one is in the need to be able to describe theoretically elastic scattering (ES) of any two 
charged particles occuring in either the initial or the final state. ^ The second level of complication 
has been to put either incoming or outgoing particles of the non-relativistic Coulomb- scattering 
(CS) problem off the mass shell and to calculate corresponding "half-shell" [12] Green's func- 
tions [8, 1 1, 13-15] or off-shell Jost functions [8, 13-15] for the non-relativistic CS problem. The 
surprising observation of related studies is [8, 11, 13, 15-18] that the half-shell Green's func- 
tion of non-relativistic CS is not related to the respective on-shell Green's function by a smooth 
limiting procedure."* This implies in particular that the on-shell unitarity relation for the non- 
relativistic Coulomb Green's function is not well defined [16]. The third challenge has been then 
to be able to describe half-shell non-relativistic CS in the presence of short-ranged nuclear in- 
teractions [15, 17, 19]. As half-shell Green's functions for 2 ^ 2 scattering processes determine 
merely EFs for interacting two-particle subsystems in the initial or final state, there arises the fi- 
nal — yet unresolved — challenge to determine EFs for 2^3 production processes for the case 
of infinite ranged FSI involving three scattering particles. The most popular, yet — as we will 
argue below — incorrect assumption in the spirit of the distorted wave impulse approximation 
for short ranged interaction potentials is that even infinite range Coulomb FSI corrections are 
factorizable. In the context of quasi-free processes with two or three charged particles in the final 
state factorization of Coulomb FSI has been promoted e.g. in Refs. [20]. The authors of Ref. [21] 
tried to achieve factorization by performing an on-shell approximation in the three particle final 
state. The authors of Ref. [22] seem to make the strongest case for factorization by performing a 
so-called "Coulomb Fourier Transform". Unfortunately their calculations require regularization 
and are therefore in the end regularization scheme dependent. As pointed out in Ref. [23] the 
regularization of CI for systems of two charged particles by a screening technique [24] being 
based on foregoing ideas [25] is "successfully implemented". Yet also here it is quite rewarding 
a challenge [26] to remove the inherent regulator dependence. Parallely to the aforementioned 
theoretical machinery with all its difficulties there appeared ^ in 2003 a surprisingly simple and 
seemingly successful formalism by A. Deloff [28] who not only constructed final state EFs on 
the basis of 3-body wavefunctions, yet also invoked in such 3-body EFs gross features of CI. His 
method applied to pp pprj allowed him [28] — assuming still a constant meson production 
amplitude — to obtain already at leading order of the partial wave expansion a quite impressive 

^Accordingly the unitary scattering matrix is assumed to decompose as [3] iS = (S"^)"*" = exp(21(A5 + A^)) = 
exp(Ai:, exp(2iAs) exp(— = T^gj exp(2iAs)Tjgj. Here A g and A^, are Hermitian symmetric 
phaseshift "matrices" constrained by the (functional) commutator [5/ {5 As), Ag] = 1. The "Enhancement Factors" 
(EFs) Tpsi and Tisi 'ire not independent due to Tjsi = T^gj, while the unitarity condition Tpgj = T^gj implies 
[i5/(i5As), Aj^] = showing ihatBFs depend on the short ranged interactions [4]. The TPF goes back to work by [5] 
Brueckner, Chew, Hart (1951), Watson (1951,1952), GeU-Mann, Goldberger (1953), Migdal (1955), Fermi (1955). The 
TPF for ISI/FSI in 2 — > 3 processes for finite range interactions was worked out ah-eady in detail as early as 1968 [6]. 

'The determination of required wave functions or on-shell Green's functions (and related integrals) for non-relativistic 
two-particle Coulomb ES has a long tradition (e.g. [7-9]) and has been known to be quite a rewarding technical task which 
is performed for on-shell Green's functions most conveniently in momentum space [10, 1 1]. 

^Similarly, half-shell Green's functions of Hulthen-like potentials [11,13] display a rapid change at the on-shell limit. 

^Unaware of the existence of a worked out formalism of 1968 [6] for ISI/FSI in 2 ^ 3 processes for finite-ranged in- 
teractions theoreticians involved in nucleon-induced tlu'eshold meson production tried around 1997 [3,4,27] to re-develop 
a formalism for the theoretical description of ISI/FSI, yet without managing to handle infinite-ranged CI quantitatively. 
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near to quantitative description of the Dalitz-plot , f" — close to threshold. In normalizing 
the results at small values of the outgoing proton invariant mass square Spp to experimental data 
he observed that theoretical predictions are too small compared to experiment at higher values 
of Spp, where the outgoing 77-meson is approximately at rest. Although this deviation of the- 
ory from experiment for Spp large is presently believed to be due to an insufficient theoretical 
description of short-ranged strong interactions, we want to point here out that that discrepancy 
between theory and experiment may be also due to an insufficient treatment of Coulomb FSI in 
PP PPil- A first way to understand this conjecture is to recall that the radius of convergence 
of the partial wave expansion in the very vincinity of a Coulomb-singularity is very small. This 
implies for a reaction like pp pprj that already at energies very close to threshold a very large 
number of partial waves even of large pp orbital momenta have to be taken into account [9, 26] 
to obtain an accurate description of the reaction amplitude in the complete Dalitz plot. An- 
other way of understanding the conjecture is achieved by looking at pp ES, where the total cross 
section a is naively believed to diverge due to a non-integrable singularity of the Rutherford 
differential cross section ^ ~ (2mv'^)'i sin^(e/2) at ^ ^ 0. This paradox is resolved [23,29] 
by taking into account in calculations for a not only the divergent asymptotic part of outgoing 
pp-wavefunction, yet the finite full wavefunction ij^j^ir) of the ES problem containing also the 
divergence contained in the incoming pp-sysX&m. The finite total cross section is then calculated 
on the basis of the current density / = ij:^{r) - 'il^^{r)Vij:*^{r)) (with J ^ ^ = Jo 

for • r ^ -00 and J ^ jef + je4 for ^ ^ 00) as [29] a = / dOr^^ = ^ ^'/-(O with 
/_(^) = cxp(7r^) Jg°° dz \Ui{l — i^, 1, iz)^ and 5^ = ^. a shows here up to be not only energy- 
yet also volume-dependent, and diverges only for an infinite reaction volume, i.e. r ^ 00 ! * The 
correct calculation of a required — contrary to what is assumed in the TPF — a knowledge of the 
pp-wavefunction in the reaction point. These observations on pp ES get relevant for the discus- 
sion of FSI/ISI in pp ppX with X = r],ri' when taking into account most recent conclusions 
of Ref. [23] studying 3 — > 3 scattering of three charged particles: ". . . If any of the particles is 
neutral, then the resulting asymptotic solution becomes the plane wave for the neutral particle 
and the exact two-body scattering wavefunction for the charged pair ..." . This implies that due 
to the neutraUty of X = 77, r( the protons in pp — > ppX should show in particular for the meson 
X at rest (i.e. .s^p large) some features observed also in pp ES. By the foregoing considerations 

one might understand now, why cr(pp PpX) with X — r],ri' is — despite the influence of CI 

,2 

— finite at all and why the experimental DaUtz-plot . f — is showing — eventually due to 
CI — some enhancement beyond naive theoretical expectations for large Spp. Further we expect 
some reaction-volume dependence of total cross sections in the presence of CI, which might be 
different for pp — > ppr) and pp — > ppq' and experimentally explored by correlation functions like 
the one proposed by Pawel Klaja [31] during the Eta'05 workshop in Cracow. We are left with 
the puzzling observation that angular distributions mpp ^ pprj seem to be flat [2], contrary to 
what is observed in pp ES. During the same Eta'05 workshop it has been also argued on the basis 
of Ref. [32] that CI in pp — > pp-q are fully understood. We cannot share this belief due to the 
fact, that the dispersive method displayed in Ref. [32] being based on analyticity assumptions 
to be yet justified is used only to calculate effective range parameters for systems of charged 
particles with different mass, and NOT complete 2 — > 3 production cross sections for the more 



*Also Ref. [30] observed that the definition of the proton charge radius depends on some reaction dependent length. 
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pathologic situation of two charged initial and final state particles of equal mass like it is the 
case for pp ppX with X — rj, rj'. Also the method does NOT provide any solution to what 
has been summarized in Ref. [33] as follows: ". . . For the charged particles with the long-range 
Coulomb interaction the theory has faced apparently insurmountable difficulties. The problem is 
that the Faddeev equations are not compact in the presence of Coulomb interactions. ..." 

2 77-77' Mixing Angle 

2.1 "Traditional" C/(3) x J7(3) Linear a Model Approach to 77 - 77' Mixing 

We want to recall here some "traditional" one-mixing-angle approach to 77-77' and (T-/o mixing 
in the context of the f/(3) x C/(3) Linear a Model (LcrM) (For -k^-t] mixing in the U{2) x U{2) 
LcrM see 't Hooft (1986) [34]). For later convenience we define S± {x) = S{x) ± iP{x) and the 
following U (3) X U{3) scalar and pseudoscalar meson field matrices 

(CTuu K+ \ I rjuu 7r+ K+ \ 

^dd , P= \ Vdd K° , (1) 

K- k" ass J V K- A'° 77^j / 

and ffnfi = (auu + cFdd)/^^ 0-3 = {auu ~ cr^j)/V2 ~ a^, and rjnn = {Vuu + lUd)/^^ 
773 = (77„jj — 7;^j)/V2 ~ tt". The Lagrangean of the C/(3) x J7(3) LcrM before spontaneous 
symmetry breaking — for simplicity without (axial) vector mesons — is given by [34-36]: 

(tr[E+E_])' + ^(det[E+] +det[E_]) +tr[CS] . (2) 

Eq. (|3 containing direct chiral symmetry breaking due to the term tr[CS'] with C being a con- 
stant diagonal 3 x 3-matrix and containing L/yi(l)-symmetry breaking due to the 't Hooft de- 
terminant term [34] proportional to /3 being — as we shall see below — responsible for -q- 
r]' mixing is stabilized by performing spontaneous symmetry breaking, i.e. by performing a 
(here approximately isospin symmetric) shift S ^ S — D with D ~ diag(a, a, h) such that 
£1 = tv[S{2\D^ + f3D^ + (^2 _^ A'tr[L>2] - fiiyD)D + ^{{irDf - trlD"^]) + C)] vanishes. 
ftr — \f2a ~ 92.4 MeV and Jk — {a + 5)/\/2 are the pion and kaon decay constants. The 
(isospin symmetric) mass Lagrangean of the spontaneously broken U (3) x U{3) LcrM is 

^2 = (77^2^ (2 a+flg +Cr2) + 2 77^^ (k+K" + +7T1^^_ Cr^- +TO^^^ 

+ml (2 TT+TT- + 4) + 2 ml {K+R- + K^" K^) + m^^^it^ + 7712^^.772, 
+2%/2 a (/3 + 2 A'6) CT^cr,,- - 2 V2 a /? 77„^77,g) , (3) 

with p.'^ = fi'^ + A'(2a2 + and 777,2^ = + 6Aa2 - ml = fi'^ + 2X{a'^ + b'^ + ah) - [3a, 
ml^Ji^ + 2Aa2 + pb, m\ ^ Ji^ + 2\{a^ + b^~ ab) + (ia,ml ^ = Ji^ + {&\ + 4A')a2 + (ib, 
ml^_^ = fi'^ + ['6X + 2A')52, 7T72^__^ = ^2 _^ 2Aa2 - ttiJ" ^ + 2X9. Eq. (|3} is 
diagonalized by cr(600) = annCOScf)s — CTssSin^s, /o(980) — cr„,-j sin 05 + ags cos cf)s, and 
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r?(548) = rjnn cos 4>p — rjss sin (j)p, r]'{958) = rjnn sin (j)p + r]ss cos (j)p. The observation of an 
empirical "Equal Splitting Law" m^^_ — ~ m^^ — Jti^^. yielding X'a^ ~ and therefore 
A' ~ for a allowed Scadron et al. [35, 37] to determine m^^^ ~ 757.9 MeV from — 
~ (2m)^ assuming — 984.8 MeV and m — V Aa^ being the nonstrange quark-mass 
obtained aproximately as one third of the nucleon mass, i.e. rh ~ niN/'i — 315MeV/3. This 
result led [37] on the basis of = cos^ (jjp + m^, sin^ (ftp and rn^^^^ = rn^ cos^ (j)s + 

rnj^ sin^ 05 to pseudoscalar and scalar mixing angles in the nonstrange-strange ("ideal") basis 
(j)p = arctan((m^^_, - TO^)/(m^, - ~ 41.84° [37] and (j)s = arctan((m^^_ - 

TO^)/(my^ — m^^_ ))^/^ ~ ±18° [37,38]. The obtained value for (j)p is very consistent with 
newer [36,39,40] and compatible with older [41] experimental and theoretical findings. Most 
recent KLOE experimental data suggest [39] e.g. (/)p — (41.2 ±1.1)°. 

2.2 {Kn, Kr], Ki]', ...)—> (Kit, Krj, Krj', . . .) Scattering and the rj-rj' Mixing Angle 

Despite the predictive power of a Lagrangean approach like in Section ITT] related "tree-level" 
results should be interpreted with great precaution due to "unitarization effects" [42] relating 
a "tree-level" Lagrangean and the (non-perturbative) effective action.^ Certainly, a tentative 
Lagrangean like Eq. (|2jl may be for some fields contained already very close to the effective 
action corresponding to specific poles of the scattering matrix. In this "bootstrapping" situa- 
tion unitarization effects are — up to generation of extra poles — very small due to an at least 
approximate cancellation of all non-tree-level diagrams related to these fields. This is why in 
Eq. (|2ji resonances like (t(600) and /o(980) are described already close to tree-level, even if 
we have to be aware that unitarization leads to extra "particles" with equal quantum numbers 
like /o(1370), /o(1500), /o(1700), . . .. Hence, we want to understand below, whether the con- 
clusions of Section lTTI survive within a fully unitarized framework and how "mixing" between 
short-lived "particles" like in the a-fo system or much more long-lived "particles" like in the 
77-77' system parametrized by (eventually complex-valued) mixing angles expresses itself as a 
consequence of unitarization in experimental observables. An instructive way to study unitariza- 
tion effects and 77-77' "mixing" is scattering of pseudoscalar mesons with total isospin 7=1/2 
and angular momentum J = 0, probing directly the resonances like Kq{80Q) and _ftrQ(1430). 
For energies of our interest it appears (naively) sufficient to take into account the 3 lowest ly- 
ing thresholds, i.e. to consider unitarized scattering of 3 coupled channels Kit, Krj, and Krj', 
which will be here described by the so-called "Resonance Spectrum Expansion" (RSE) [43,45] 
g{E) = (A^/a) J2n Bn/iE-En) inspired by the "Nijmegen Unitarized Meson Model" [46,47] 
(NUMM). Within the framework of the RSE we determine the S-matrix of the radial meson- 
meson-scattering Schrodinger equation +IC'^)'i(j{r) = 2/i5 G{E) S{r — a)ip{r) with ^/j{r) — 

{'^pK7:{r),ipK7j{r),tpKri'{r)V, = diag(^x7r,Mx,,,AiK,7')' ^ = diag(fcK,r, fc^r,, ^k,?')' 

My = 77^,+ ruj, = m,mj/M,j, E = {kf^ + m^Y^^ + (fc^- + 7772)1/2 -j ^ 

'Unitarization leads for one field in a tentative Lagrangean typically to several distinct poles of the scattering ma- 
trix (S-matrix) [43, 44]. Therefore one field in a tentative Lagrangean like Eq. |2j typically corresponds to several 
experimental "particles", the pole parameters of which can be very different from the mass parameters of the original 
tentative Lagrangean, if unitarization effects are large. Eq. j2| provides us with a gold-plated example for large unita- 
rization effects: the K-field in Eq. |5| is typically described by a mass parameter of approximately jtIk ~ 1150 MeV 
(e.g. Tijmqvist (1999) [34]), while unitarization then yields at least two known experimental mesons Kq{800) and 
-JsTq (1430), the pole parameters of which are obviously very different from the Lagrangean parameter tUk- 
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{K, IT, rj, rj'}. The £^-dependent symmetric coupling matrix G{E) of the 5-shell transition po- 
tential of range a between the meson-meson scattering continuum and the 1 -channel confining 
quark-antiquark (qq) system is given by G{E) = ^2/^(£;)/(2^s) V g{E) V+^2n{E) / {2^3) 
with V = {VK^,VKn,VK^'V, 2fiiE) = dia.g{iJLK^{E), hk^{E), hk^,{E)), h,j{E) = [E^ - 
{ml — m^Y)/{2E^) and i,j G {i^, tt, 77, 77'} [43]. The flavour blind meson-quark recou- 

pling constants are taken from [46] as Vk-k ~ 1/a/16, Vkt) — {cos (j)p — \/2 sin 0p ) / ViS, 
VkiY ~ (sin 0p + V2 cos (j)p)/ \/48. As scattering proceeds through one qq channel only, the 
resulting 3x3 scattering matrix S{E) = 1 — 'P{E) + 'P{E) exp{2\5{E)) is characterized by 
one "eigenphase" &{E) only, while V{E) = j{E)j{E)'^ is a rank 1 projector with effective 
i?-dependent recoupling constants 'y{E) = {■-^K-n{E),^Kri{E),^K-q'{E)) (see Fig. Q which for 
real E are real and normalized according to ^{E) ■ j{E) ~ 1. Up to an overall normaliza- 
tion we obtain 7^ {E) cx 6{E — Mij)Vij sm{akij)y/2fiij{E)/{akij) with i, j e {K, n, r], rj'} 
being obviously independent of the RSE g{E)\ After choosing for the RSE the reasonable 
ansatz with two confinement bare states and one background term (-E-i = 0), i.e. ag{E) ~ 
+ + ^3 = ^^^3 0' = 0, ±1), we perform a fit (see Fig.|3 of the modulous 

joj^g {E)\ — I sin^j^Q {E)\ of the 1—1/2 scalar Ktt Kit amplitude measured at the 
LASS-spectrometer in 1988 [48].^ Starting from parameters a = 2.55 GeV"\ B-i = -17.49, 
Bo = 3.5, Bi = 1, Eo — 1.46 GeV, Ei — 1.85 GeV guessed in the elastic region of the data a 
fit with the help of the Mathematica fit function FindFit returns the result a ~ 2.5497 GeV^^, 
B_i ~ -12.7387, So ^ 4.6931, Bi ~ 3.1380, Eq ~ 1.5173 GeV, Ei ~ 1.8178 GeV. The 
fit being performed at a mixing angle 0p = 39.40° compatible with Ref. [40] yields a S-matrix 
pole for the i4:[^(800)-meson at (736.10 - i257.83) MeV (to be compared to [36,49]). Fig.|3] 
shows that (j)p — 39.40° is still compatible with the experimental nil-result that — using the 
words of Tornqvist (1995) [44] — "... the Krj threshold essentially decouples because of the 
small coupling constant ... ". Had we exactly decoupled the if 77-channel by choosing Vkij — 0, 
then the resulting mixing angle would have been obviously (j)p = arctan(l/\/2) = 35.26°. 
Note from Fig.[l]that — despite constant (pp — the effective couplings j{E) vary strongly with 
E\ Sections [2.1l and lZ2l are intimately related: on one hand mesons in the NUMM/RSE interact 
only indirectly by coupling to confining qq channels, on the other hand Eq. Q is obtained by 
allowing mesons to couple to qq only [50]. 
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